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AERONAUTIC SYMBOLS
1, FUNDAMENTAL AND DERIVED UNITS

Metric English
Symbol
. Abbrevia- : Abbrevia-
Unit tion Unit tion

Length_____. I meter...________________ m foot (or mile) . _______ ft (or mi)
Time._._.__.. t second . o ____________.__ 8 second (or hour)_._____ sec (or hr)
Force__—.___ F weight of 1 kilogram_____ kg weight of 1 pound_____ 1b
Power..____._ P horsepower (metric) .-l __._______ horsepower___._______ hp
Speed v {kilometers per hour______ kph mailes per hour_ _ ______ mph

peed.- - - ---- meters per second._ . _____ mps feet per second________ fps

2. GENERAYL SYMBOLS
Weight=mg v Kinemalic viscosity

Standard acceleration of gravity=9.80665
or 32.1740 ft/sec?

Mass:zy-

Moment of inertian=mk?. (Indicate axis of

m/s? p

Density (mass per unit volums)

Standard density of dry air, 0.12497 kg-m~*-s? at 15° C

and

760 min; or 0.002378 1b-ft* sec?

Specific weight of ‘“standard” air, 1.2255 kg/m® or

radius of gyration £ by proper subscript.)

Coefficient of viscosity

0.07651 1b/cu {t

3, AERODYNAMIC SYMBOLS

Area
Area of wing
Gap
Span
Chord
S
Aspect ratio, S
True air speed
Dynamic pressure, %pV’

Lift, absolute coefficient C’L=q—§

Drag, absolute coefficient 0D=£

Profile drag, absolute coefficient 0p0=£%

D,
gS

Perasite drag, absolute coefficient C’D,:%

Induced drag, absolute coefficient C'p,=

o
1y

Q
Q

R

Cy
Oy

it

Cross-wind force, absolute cosflicient C’czg%

Angle of setting of wings (relative to thrust line)

Arigle) of stabilizer setting (relative to thrust
ine

Resultant moment

Resultant angular velocity

Vi . .
Revnol '~ nu~ber, L whernlis a linc~r diman-

sion (e.g., for an airfoil of 1.0 ft chord, 100 mph,
standard pressure at 15° C, the corresponding
Reynolds number is 935,400; or for an airfoil
of 1.0 m chord, 100 mps, the corresponding
Reynolds number is 6,865,000)

Angle of attack

Angle of downwash

Angle of attack, infinite aspect ratio

Angle of attack, induced

Angle of attack, absolute (measured from zero-
Iift position)

Flight-path angle
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By HerBEerT S. RIBNER

SUMMARY

It was realized as early as 1909 that a propeller in yaw
develops a side force like that of a fin. In 1917, R. G. Harris
expressed this force in terms of the torque coefficient for the
unyawed propeller. Of several attempts to express the side
Jorce directly in terms of the shape of the blades, however, none
has been completely satisfactory. An analysis that incorpo-
rates induction effects not adequately covered in previous work
and that gives good agreement with experiment over a wide
range of operating conditions ts presented herein. The present
analysis shows that the fin analogy may be extended to the form
of the side-force expression and that the effective fin area may
be taken as the projected side area of the propeller. The effec-
tive aspect ratio is of the order of 8 and the appropriate dynamic
pressure is roughly that at the propeller disk as augmented by
the inflow. The variation of the inflow velocity, for a fized-
- piteh propeller, accounts for most of the variation of side force
with advance-diameter ratio V/nD.

The propeller forces due to an angular velocity of pitch are
also analyzed and are shown to be very small for the pitching
velocities that may actually be realized in maneuwvers, with the
exception of the spin.

Further conclusions are: A dual-rotating propeller in yaw
develops up to one-third more side force than a single-rotating
propeller. A yawed single-rotating propeller experiences a
pitching moment in addition to the side force. The pitching
moment is of the order of the moment produced by a force equal
to the side force, acting at the end of a lever arm equal to the
propeller radius.  This cross-coupling between pitch and yaw
1is small but possibly not negligible.

The formulas for propellers in yaw derived herein (with the
exception of the compressibility correction) and a series of
charts of the side-force derivative calculated therefrom have been
presented without dertwation in an earlier report.

INTRODUCTION

The effect of power on the stability and control of aircraft
is becoming of greater importance with increase in engine
output and propeller solidity. An important part of this
effect is due to the aerodynamic forces experienced by the
propeller under any deviation from uniform flight parallel
to the thrust axis. The remaining part is due to the inter-
ference between the propeller slipstream and the other parts
of the airplane structure.

A number of workers have considered the forces experi-

enced by the propeller. It was pointed out in 1909 (reference 1)
apparently by Lanchester, that a propeller in yaw
develops a considerable side force. The basic analysis was
published in 1918 by R. G. Harris (reference 2), who showed
that a pitching moment arises as well. Glauert (references 3
and 4) extended the method to derive the other stability
derivatives of a propeller.

Harris and Glauert expressed the forces and moments
in terms of the thrust and torque coefficients for the unyawed
propeller, which were presumably to be obtained experi-
mentally. The analyses did not take into account certain
induction effects analogous to the downwash associated with
a finite wing. Tt is noteworthy that with a semiempirical
factor the Harris equation for side force does give good
agreement with experiment. (See reference 5.) Pistolesi
(reference 6) in 1928 considered the induction effects but his
treatment was restricted to an idealized particular case.
Klingemann and Weinig (reference 7) in 1938 published an
analysis neglecting the induction effects; the treatment
appears almost identical with the account given in 1935 by
Glauert in reference 4.

There have been several notable attempts to express the
side force directly in terms of the shape of the blades. Bairstow
(reference 8) presented a detailed analysis in 1919 that
neglected the induction effects. Misztal (reference 9) pub-
lished an investigation in 1932 that did not have this limita-
tion and that is probably the most accurate up to the present.
Misztal’s result, however, is in a very complex form from the
point of view of both practical computation and physical
interpretation; there is, in addition, an inaccuracy in the
omission of the effects of the additional apparent mass of the
air disturbed by the sidewash of the slipstream.

Very recently Rumph, White, and Grumman (reference 10)
published an analysis that relates the side force directly to
the plan form in a very simple manner. Reference 10, how-
ever, (1) does not include the ordinary inflow in the analysis
and (2) applies unsteady-lift theory in an improper manner to
account for the induction effects. As a consequence of (1),
the equations are badly in error at high slipstream velocities.
As a consequence of (2), the equations fail to predict the
substantial increase in side force that experiment shows is
provided by dual rotation. The improper use of unsteady-
lift theory consisted in using formulas that apply to the case
of a finite airfoil with an essentially rectilinear wake. The
vortex loops shed by the finite airfoil, which produce the
interference flow, are distributed along this rectilinear wake.

1
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PROPELLERS TN VAW 3

L, M, N moments about No) Voo and Z-axes, respeetively, | ANALYSIS
. v . R i
i sense of right-handed serew: i appendix B PROPELLER IN STEADY AXIAL FLIGHT
arel figure 90 A refers to the [ree-stream Mach . . - . S
nuniber I'he seetion shown i figure 1 is part of a right-hand pro-
- , . . eller blade moving to the right and advancing upward,
M. effeefive Mach number Tor propeller side foree (See | b A Lo . g bW
ppendix B t The components of the relative wind are V', and V7, where
i CHCLN . { .. . . . « . F—
. e . . . . . , V.8 the axial velocity ineluding the inflow and Vi s the
A B functions defined in cquations (4 . . A = . -
Y rotational veloeity inceluding the slipstream rotation,  The
. . . force component in the direetion of decereasing 6 1s:
a’, h'. mtegrals defined by equations (21 and (30) | ! e
" ’ | . o
o d | A d sin @3 dl) cos
hy. b, integrals defined by equations (31 and (32)
S0 ‘
! side-aren index detined by cquation (41) ( 1 u,’) | , RN ey Cos @
\ ‘ PV dr "
YN | o b O in? ¢
. . . , Yy | < N SIS @
e tmtegral defined by cquation (42) ( 4 7)\) |
. . . - "'livr . i V322 drl fi(9)] (1;
[, integral defined by equation (43) ( | i) ; 2 S A
A defined by equation (24) (zero for dual-rotating 1 41d the contribution to the thrust is
propellers)
A defined by equation (44) (zero for dual-rotating AT -dl cos ¢ dl) sin 6
propellers; | , L
. : . ‘ . Gp COos B gy SIS
m defined by equation (45} | AN (/7.( pros "’. Ly ’7’)
. N . - . i DI Qns
hey correction factor defined by equation (34) ; - : s ¢ ‘
ke, sidewash factor defined by equation (35) ‘ P
I spinner factor defined by equation (36) o Valb drlty ()] {2)
K constant. in equation for &, |
o Y 8.0 | The equations may be divided by pV#0?% to reduce the terms
(. ade-Toree coefficient . : . . " ) i . v
: ide-foree coefficient () e or b 1o nondimensional form.  Inasmuch as V, V(1 fa), there
LA L results
o N A 8 0 i o (ba® b
) piteching-moment coefficient or "M, dF, = 4 D Jilop)elr
[ &
o V2DS
o o N o co ke
', side-foree derivative with respeet to vaw (o€, /oy) | Al PR I{g)dr
£ pitching-moment derivative with respeet to vaw where
NG TN p
(0( !)¢ o F

Il gy

side-foree  derivative with respeel (o pitching

o, g dT
O(g“) | dT, :p",’g[)’g
) 2V, and
o, pitching-moment derivative with respect to
) l ’ rs O(T{ﬁ/l
ntehing Ca ;
I § O(v 31) : J
S, projected side area of propeller (Sce Tootnote 1) S(dL)-- g 1)
A aspeet ratio : A
Subscripts: B T
0.75R measured at 0.758 station (x=-0.75) N T gl
¢ divided by pVZD2 i o forcee, by pV2 il a moment:
designates quantitics corrected for compressi-
bility in appendix B and figure 9
¢ effective
k index that takes the values 1 to B o designate a
particular propelier biade 5
o maximutn
stall at stall

Frougk 1.~ Veetor relations at a blade element,

A bar over a symbol denotes effective average value.
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PROPELLER UNDER ALTERED FLIGHT CONDITIONS

Force components on blade element.—In equations (1)
and (2) for dF and dT, V, occurs explicitly in the factor V2
and implicitly in ¢ and in terms depending on ¢; Vi, occurs
only implicitly in ¢ and in terms depending on ¢. The

relationship is ¢=tan“%y which can be seen in figure 1.

By partial differentiation, therefore, the increments in dF
and d7T due to any small changes whatsoever in Vy and V,
are, for fixed blade angle,

d(dF) d¢ dVi

a(dF)
Top Ve T

S(dF) = oWF) ¢ :l av,

o¢ oV

and a similar expression for §(d7). The substitution of
equations (1) and (2) gives, when put in nondimensional

form,
(l—l—a)2b 0¢ of; 2/, _qu of,
S(dF)— D da [dv,,av Stav, ( 282 ¢>:|
(1—}—6&)2 b bgb bt1 2t1 a¢ at1>
8(dTe)= D [‘W’ oV, 06 Vel vV, o1, 08 ]

The following abbreviations are helpful:

A’ 0¢ Of;
V. oV, 06
B'_2fi 93¢ ofi
V. V., T3V, 2
¢’ d¢ o,
V. "oV, %6 @
D’ _2¢ 2 d¢ dt,
V. oV, d¢
D
(b/D)o 75R

where f, and #, are defined in equations (1) and (2), respec-
tively. Equations (3) become

8(dFe) = (L—BEF(D )o TSR

4oy AV, o d
Ty =" (D>om<0 v, D"y

where all the factors are nondimensional.

Forces and moments experienced by complete propeller.—
Equations (5) give the component-force increments due to
altered flight conditions on an element of a single blade,
divided by pV2D?. The force and moment increments
experienced by the complete propeller of B blades, with
respect to the body axes shown in figure 2, may be written as

Forces:

A/dI(l/ﬂ %’/Ya)u dx
(5)

pdx

k=B R
X—T:g T 3(dT), (6)
il 5(dF), sin 6, )
Z—=3A f " 8(dF), cos 6, ®)
k=1Jr

X

v

-Resultant wind ot
) propeller including
/  inflow and sidewosh
y-el 7 (=%)
|- ~=Axial velocity mcluding
inflow (=, + dV;)

.5 Side-wind velacity
including sidewdsh
(=Va (-€)

) 2 Component of side wind

normal to r

@ve =V, (¥~¢) sin 6)

F1GURE 2.—Vector relations for propeller in yaw.

Moments:
L (- Q=—% " rswam, 9)
M= 2 rﬁ(dl’)ksinﬁk (10)
N=— Z r6d7)k(050k (11)

where the subscript £ refers to the kth propeller blade. In
order to obtain the nondimensional form X, Y, Z, and 7 are
divided by pV2D? to give X,, Y., Z,, and T, and L, M, N,
and @ are divided by pV2D? to give L., M., N,, and Q.. In the
equations (6) to (11), §(dF); becomes 6(dF,);, 6(dT); becomes

8(dTe), and r becomesl%:g-

T
come , to 1, where xo-———ﬁo-

The limits of integration be-

Stability derivatives of propeller.—The analysis up to this
point has been of a general nature in that the formulas are
applicable, for a fixed-pitch propeller, to any type of deviation
from steady axial advance—that is, the formulas may be
used to calculate all the stability derivatives of a fixed-pitch
propeller. In addition, the formulas are applicable to those

stability derivatives of a constant-speed propeller that are
not associated with changes in blade angle. This restriction

could be removed, however, by extending the analysis at the
outset to include a term in dg,.

A particular stability derivative can be obtained by
determining and substituting in equations (5) the values of

Ve/V, and dV,/V, appropriate to the motion under con-
sideration. For dual-rotating propellers equations (5) must
be set up independently for both propeller sections with signs
appropriate to the respective directions of rotation. Values
of dVe/V, and dV,/V, that are average for both sections are
used for each section. Note that dVj is the change in the
component of the effective relative wind acting on a blade
in its plane of rotation and dV, must therefore include the
effect of any changes induced by the motion in the rotational
speed of the propeller relative to the airplane.
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The corresponding vortex loops shed by a propeller blade in
yvaw, however, lie along the helical path traversed by the
blade. The interference flow is quite different from the
flow for the case of a rectilinear wake. In fact, it can be
shown that the vortex loops shed during the unsteady lift
aline themselves in such a way as to produce an inflow anti-
symmetry. This antisymmetry is one of the two induction
effects that will be deduced in the present analysis from
monientum considerations.

To sum up, there are available no analyses based on the
blade shape that are sufficiently accurate over the whole
range of propeller operating conditions and the analysis that
is the most accurate is not in a satisfactorily simple form.
For this reason a new method of analysis is presented that is
an attempt at greater simplicity and accuracy. The present
analysis shows that the fin analogy may be extended to the
form of the side-force expression. The effective fin area
may be taken as the projected side area! of the propeller
and the effective aspect ratio is of the order of 8. This
equivalent fin area may, with small error, be regarded as
situated in the inflow at the propeller disk and subject to the
corresponding augmented dynamic pressure. The variation
with V/nD of the dynamic pressure at the propeller disk, for
a fixed-pitch propeller, therefore accounts for most of the
variation of side force with V/nD.

SYMBOLS

The formulas of the present report refer to a system of
body axes. For single-rotating propellers, the origin is at
the intersection of the axis of rotation and the plane of
rotation; for dual-rotating propellers, the origin is on the
axis of rotation halfway between the planes of rotation of the
front and rear propellers. The X-axis is coincident with the
axis of rotation and directed forward; the Y-axis is directed
to the right and the Z-axis is directed downward. The
symbols are defined as follows:

D propeller diameter
S’ disk area (wD?/4)
S wing area
R tip radius
r radius to any blade element
o minimum radius at which shank blade sections
develop lift (taken as 0.2R)
x fraction of tip radius (v/R)
2o value of z corresponding to ry (ry/R)
X ratio of spinner radius to tip radius
B number of blades
b blade section chord
¢ wing reference chord
m relative blade section chord ( b or b/D
’ ' b0.75R (b/D>0.75R

—p(L
4 ——B(D>U.75R

! The projected side area is the area projected by the blades on a plane through the axis of
rotation. For one or two blades this area varies with azimuth, but the average value is of
concern here. The average projected side area is given to a close approximation by one-half
the number of blades times the area projected by a single blade on a plane containing the
blade center line and the axis of rotation.

¢ solidity at 0.75R <~——<r )

1% free-stream Veloclty

1
a inflow factor (V 2,7

of sound in free stream

) ;in appendix B, speed

a, normal acceleration
g acceleration of gravity
V, axial velocity at propeller disk (V(1+ua,,
" velocity component in direction of decreasing ¢

of relative wind at blade element
(27nr—Slipstream rotational velocity)

Vi slipstream velocity far behind propeller (in prac-
tice, 1 diam. or more) (V(1+2a))

. 1 .
q free-stream dynamic pressure (—gp? ~>; also, angu-
lar velocity of pitching

fi(e) function defined in equation (1)
t(¢) function defined in equation (2)
1 [(1 1+4+2a)?
f(a) ¢-factor ( +a)1(+lea):2~ é)j @) ])
2(1-+2a)?

fl(a') _1+(1+2(Z)2

n revolutions per second

J advance-diameter ratio (V/nD)

8 blade angle to reference chord

Bo blade angle to zero-lift chord

6 angle of blade relative to Y-axis measured in
direction of rotation

¢ effective helix angle including inflow and rotation
(tan*l %)

¥ angle of yaw, radians

o effective angle of attack of blade element (8,—¢)

€ angle of sidewash in slipstream far behind
propeller

! nominal induced angle of sidewash at propeller disk

4 effective average induced angle of sidewash at
propeller disk

v, sidewash velocity far behind propeller

7 airplane lift coefficient

¢ blade section lift coeflicient

Ca, blade section profile-drag coefficient

C1, slope of blade section lift curve, per radian (de,/de;
average value taken as 0.95X2m)

dF force component on a blade element in direction
of decreasing 8 (See fig. 1.)

T thrust

T, thrust coefficient (7/pV?D?)

Cr thrust coefficient (7'/on?D?)

Q torque

Q. torque coefficient (@/poV2D?)

w weight of airplane

X, Y, Z forces directed along positive directions of X-,
Y-, and Z-axes, respectively
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By equating the cross-wind force to the total time rate of

change of momentum,

1) V., wl )
gtV (‘f K

B

Ty y=pV, )( % =

to the Hrst nrdm' in ¢, where the first term on the right is the
contribution of the slipstream and the sccond term is the
contribution of the air displaced by the slipstream. On
dividing by pV207 and using the relations 17, 171 L) and
V=111 --2a),

o (12)

where € is the induced angle of sidewash af the propetler.
Glavert (reference 4) deduces almost twice this value at
small values of @ by neglecting the reaction of the air dis-
placed by the slipstream.

[t was shown carlier that the effective side wind in the
planc of the propeller is V,(y-—¢’) and 175 is the component
parallel to 17%; that is

H

AVe=V,(v—¢) sin @ (13)

The value of ¢ from equation (12) may be introduced and

9 A
the relation = 7T'-=a(1-+a), from simple momenturn theory,

m

may be used to eliminate 7. There resulis

where
o () [(T+a) -+ (1--2a)7] P
Jla)= - T+ (1+20)2 (14)
andl
2(1 — .
Syl ({1 - (15)

1]

Ratio /17,71, for yawed motion.— As U=V 4 a) for un-
yawed motion, the changes produced by vaw are

AN r[\"Jr da du (16

.o F e 1)

[ ] l-va " 1+4a g

VU whieh bs cos f- | "i six neglected as being of the
sceond order in ¢,

I order to evaluate da, tigure 2 is first considered. The

component of the effective side wind in the direction opposite
to the blade rotation is d Vo= V(¢ — )1 sind. This component,
acts to inerease the relative wind at the blade, and therefore
the thrust, in quadrants 1 and 2; it acts to decrease the rela-
tive wind, and therefore the tluusu in quadrants 3 and 4.
More exactly, the change in thrust doe to the side wind is
distributed sinuscidally in 4. It s clear that this ineremental
thrnst distribution by irs antisvmmetry produces a pitching
moment.

Momentum considerations
Voand 2,

equire an increase 1n inflow in
and a

where the thrust is incereased.

i 7
guaaranis

i
i
!

decrease in inflow in quadrants 3 and 4, where the thrust

is decreased.  The variation should be sinusoidal in 8, and the

nssumplinn that the variation is directly propmtumd] to the

radius is sufficiently accurate for computing the effect on
X

A

FIGURE & =Perspective view of three-dimensionsl graph of the assumed incremental inflow

the side foree. Such a representation is illustrated in figure 5.
The analytical expression is

de—Voda
=k sin g a7

where ks a constant to be determined. Applying the mo-
mentum theory to evaluate the pitching moment M in terms
of the inflow modifications produced by the pitching moment

gives
‘R
M = [ J pVar df dr r sin (2 dz)
JOOJG

By substitution of the rejation for dz.
. 2
. M =2koV, f 7 sin® @ 8 dr
JooJo

Upon integration,

fo==
where
. M
A p V2
but, by equations (16) and (17,
AL ~da
Vi, 1 +a
brosin 8
1','
1l ba
ar
//\}
where
.
"R

Summation over blade index 4.
i nerements d ue to
LWo Rections as

~-The component-velocity
yaw have been obtained in the prec eding
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d\g

= ol @ h@ s asw)

dV, 1 H)A/[
To=amap (r ) s o (18)

where the subscript £ has been added to refer to conditions
at the kth propeller blade. These values of dVy/V, and
dV,/V, may be substituted in equations (5) to yield values
of 8(dF,) and 8(dT.). The values of 6(dF.) and 6(dT.) thus
found may be inserted in equations (6) to (11), which
give the several forces and moments the propeller might
conceivably experience.

The summations over k indicated in equations (6) to (11)
affect only the factors involving sin 6, and cos 6. The several
factors are, upon evaluation,

k=B k=B
>3 sin Bk—z sin 6, cos 8,=0
k=1 k=1
If B=3,
k=B B
> sin? ="
=1 2
If B=2or1,

k=B B
LE L sin? H,czér(l*cos 26;)
=

but the average over 8 is I3/2.
k=B

The nonvanishing factor >, sin? 6, occurs only in equa-
k=1

tion (7) for the side force ¥ and in equation (10) for the
pitching moment M. The other hypothetical forces and
moments that might be produced by yaw are, accordingly,
all zero.

When the relation

k=B
SY sin? g,— 2
=1 2

is used, equations (7) and (10) become in nondimensional
form

)/c:§<%>0.75RL: H:f((l)\[/ A ]AI i _1;6 LM'CBIZ}# v (19)

oiB(0) [ [ Yo 20 aref e de
J0.T5RJ T0 (20)

For simplicity the following additional abbreviations are

introduced: ;
7 :B (D>0.75R

' 1 /-
a4’ = ‘L[l d.l,
mJaz,

b’:%f' w(—B"e da @1)

’ 1 ! ’
/=~ pCuxdx
L 0

1t
d/:;rf u(—D’)ﬁdx

780890-—48——2

where the signs have been chosen to make a’, b’, ¢/, and d’
positive quantities.

Solution for Y, and M, for single-rotating propellers.—
With the preceding substitutions, equations (19) and (20)
become

r=" [y | o=y
22)
2= [f@v—pa ] e~ ara|

These are simultaneous linear algebraic equations in Y,
and M,. The solution for Y, is, after simplification,

, , o_/blc/
yox, T (v —iroa)
teTg ,fl(a)/ , e

I+ e ”1+.T'd')

which may be written in the form

fla)d'a’
Y=ot (23)
8 (l l(a/) r 7
A/+
where
,_ obe
p=2Ve (24)

Numerical evaluation shows that the denominator of equa-
tion (23) does not differ greatly from unity; therefore, Y, is
roughly proportional to a’.

Similarly, the solution for M, is

¢ fla)d'e’
84 dfi(@)a’|(1+o'd") —a*fi(a)b¢’

which may be put in the form

M. =

M =Ty LOm ©5)
8 1+f1(8a) O_I(al_Al)
where
o’c .
=+ d) (26)

The relative magnitudes of the quantities are such that M,
is roughly proportional to ¢’.

Solution for Y, and M, for dual-rotating propellers.—
The foregoing equations apply only to single-rotating
propellers. With dual-rotating propellers the asymmetry of
the disk loading, which for a single-rotating propeller produces
the pitching moment due to yaw, is oppositely disposed over
the front and rear sections. The resultant over-all disk
loading, therefore, is almost symmetrical and gives rise to
a negligible pitching moment—that is,

M. =0 (27)

The induction effects associated with the respective disk-
loading asymmetries of the front and rear propeller sections
very nearly cancel even though there is a finite separation
between the two sections. This fact, which may be regarded
as a consequence of the relation (27), is represented by
putting M,=0 in equation (22). The result is
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Ve=g¥—7 (28)

This equation differs from equation (23), which applies to

single rotation, in that unity replaces the larger quantity
’?
67% A7 in the denominator. The side-force coefficient Y, is

therefore larger in the case of dual rotation. With data
for conventional propellers, the increase averages about
{8 percent and reaches 32 percent at low blade angles.

The increase in side force is due to the lack in the dual-
rotating propeller of the asymmetric distribution of inflow
velocity across the disk which, for the single-rotating propel-
ler, is induced by the asymmetric disk loading. The inflow
asymmetry is so disposed as to reduce the change in angle
of attack due to yaw on all blade elements. The behavior
is analogous to that of downwash in reducing the effective
angle of attack of a finite wing.

The inflow asymmetry is not the only effect analogous to
downwash in wing theory; the sidewash of the inflow is
another such effect and serves to reduce the side force still
further. Sidewash is, however, common to single- and dual-
rotating propellers and affects both in the same way. An
examination of the steps in the derivation shows that the

1 . . .
term g fi(a)e’a’ in the denominator, the absence of which

would increase the value of Y7, is due to the sidewash.

Equations (23) to (28) give the stability derivatives of
single- and dual-rotating propellers with respect to yaw, but
the results are not vet in final form. There remain the
evaluation of @/, b’, ¢/, and d’ and the introduction of a factor
to account for the effect of a spinner and another factor to
correct for the assumption of uniform loading of the side
force over the propeller disk.

Explicit representation of a’, b’, ¢’,and @’.—Equations (21)
show a’, b, ¢/, and d’ to be integrals involving the
functions A’, B’, (', and D', respectively, which are defined
in equations (4) in conjunction with equations (1) and (2).
The quantities A’, B/, €', and D’ are, upon evaluation,

A’ =¢y sin ¢+c, o8 ¢
B'=—[e;, cos p—c; (sin ¢+csc ¢)]

C'=c¢,, cos p—c; (sin ¢—2 csc ¢) (29)
2
D,:—(Cla CS(i):l E_Cl cOS (]5)

if terms in the coeflicient of profile drag ¢, are neglected as
being small in comparison with the terms in¢,,. The neglect
of ¢q, is valid only for values of ¢ not too near 0° or 90°.
From figure 1, By=¢+a. Then, for o in the unstalled

range, ) )

sin By,=sin ¢ cos a-+sin « cos ¢

=28l ¢+« cos ¢

and )

e, sin By=c; sin ¢-+cy, @ cos ¢

=c;, sin ¢-+c; cos ¢

the right-hand member of which is just A’ in equation (29).

This relation provides the important result that, although
both ¢ and ¢; depend on the inflow, the slipstream rotation,
and the value of V/nD), the function 4’ is independent of
these quantities and depends solely on the geometrical
blade angle 8,. This relationship leads directly to the mter-
pretation, to be established presently, that the effective fin
arca of a propeller is essentially the projected side area.

The introduction of B, does not succeed in similarly elimi-
nating ¢ and ¢, from B’, (', and D’ but does result in a
simplification in B’ and ¢’/. The summarized results are,
to the first order in «, with D’ left unchanged:

A’ =¢;, sin By
B’=—(c,, cos Br—ci csC ¢)
O’ =c; cos Byt+2¢; cse ¢

2
cos? ¢
D'=—(¢;,, ~ ——¢;Co8
legin ¢ ¢

The integrals (21), in which A’, B, C’, and D’ occur, must
now be evaluated. Upon substitution,

¢, V. 3
a’=~’"f wsin By dx
™ Jxo
; _Ciy 1 11!
p="1 urcos Byde——| wre,csc ¢ dx
™ Jxo ™)z
- (30)

T 2
Cf:Jﬂf ux cos By dz+;rf e, cse ¢ dx
0 o

™

Cio ((1ux? cos® ¢ Cio [T
d':—"‘f B2 Pde—"2| urla cos ¢ dx
T Jz SIN @ T Jxo J
where
b

* by 5m

and b is the blade width.

Evaluation of ¢/, b’, and ¢/.—The integral o’ is already in
its simplest form in equations (30), as is the first integral
of b’, which is identical with the first integral of ¢’. If the
first integral of &’ is defined as by,

b'=b,—b,
] (31)
¢’ =b,+2b,
where
Ci, (1
blsz—' Lﬂ ux cos By dx
(32)

1 1
by=-- uxe; cse ¢ dx
m kA

In the attempt to evaluate b, it was found that, if the blade
section coefficient of profile drag and the rotation of the slip-
stream are neglected, the thrust coeflicient is

1 ’
:f (dta)re wre; ese ¢ dx
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FiGURE 6.—Variation of 2¢/x with T.. Tc=(-‘7%-
where ¥ radian), that the second integral can be neglected, with the
Vv result that
J= nD

If an average value of 14-a over the disk is used, 1+a can
be taken from under the integral sign, and

_J 4T,

b= (14 a)

But, by the simple momentum theory,
2
. Te=a(l-+a)

Therefore,

A graph of the variation of 2a/x with 7 is given in figure 6.
Approximate evaluation of d’.—The contribution of

C 1 cos? ¢ Cy 1
d'=-*| pr* . Fde— | priacos ¢ dr
T In“ sIn ¢ T on ¢ do

to Y. is small. It is found, by using the largest value which
a may have without causing stalling of the blades (about

Ci, (1, cos?
=
JIy

T sing

Note that ¢ involves the inflow velocity and the slipstream
rotational velocity. These velocities, if assumed to be
constant over the propeller disk, may casily be related to
T, and @, respectively, from momentum considerations.

Curves of d’ have been computed for a typical plan form
(Hamilton Standard propeller 3155-6) and are presented in
figure 7. This chart makes use of an altered notation intro-
duced later in the report; the ordinate is the quantity

Ig:%llrd,

and a parameter is the solidity at 0.75R,

_4B (b>
7 3w \D 0.75R

The abscissa is V/nD). The error in computed side force due
to using this chart for plan forms other than the Hamilton
Standard 3155-6 should be negligible. The chart is not
sufficiently accurate, however, for precise computation of the
pitching moment due to yaw.
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FIGURE 7. -Variation of I with Vin D and solidity. Approximate curves for blade-angle
settings at which the blades are noi stalled.

Correction for nonuniform distribution of side force.—
The induced sidewash angle ¢ as calculated in the foregoing
is based on the assumptions that the thrust and the side force
are cach uniformly distributed over the propeller disk. The
error in effective average sidewash due to the assumption of
uniform thrust distribution can be shown to be small; the
error due to the assumption of uniform side-force distribution
is appreciable.  The effect of this error on the computed side
force is small, but not negligible,

The side force is actually distributed over the propeller
disk nearly as the produet of the integrand of the most im-
portant term in the side-force expression a’ and sin*6. The
integrand of a’ is proportional to the blade width times the
sine of the blade angle, which tends to be greatest toward
the blade roots duc to the twist, and sin* § has maximums
at 6=90° and 270°. The side force is therefore concentrated
near the blade roots and along the Z-axis. In calculating an
effective average of the part of ¢ due to the side foree, this
distribution of the side foree is taken into aceount by using
in effect the integrand of ¢/, which is u sin 8, times sin® 6 as a
weight factor. The detailed treatment is given in appendix A.
There is obtained for the effective average of the indueced
sidewash angle

wled PRI

T _]N_,_,.,_.A.».-- (:;3)
(1-+a)? I:] + (1-2a) :I

where

(fl u sin Sy d:Ir)

¢

is a correction factor derived in appendix A, If € is inserted
for ¢ in the analysis for side force and pitching moment,
the corrected forms of equations (23) and (25} are,
respectively,

e faye’a”
Y, < Y o -
”’fw ?'i‘ A“(!U 1

Y Slaym

‘\[,-— (\ ¢' l x k”(f,((lf ) A,,‘

where the abbreviation

Filadk

8
P
(w81 Bgy)
J M ‘ Do, da

o o PRI
" {(35)

= fila) q ( I»pﬂsm Bs (/:1‘)A

froe=

has been used.  The factor &, may be called the sidewash
factor.

Correction for augmentative effect of spinner. Il the
spinner-nacelle or spinner-fuselage combination has a fairly
large fineness ratio, the eircumferential component of the
side wind is speeded up in passing around the blade shanks
(fig. 8) by approximately the factor

where

Spinner radius

R

K constant (1 for fineness ratio = ; 0.90 for fineness ratio 6)

Ly

FiURE %, - Fffect of spinner on the component of the flow in the plane of the propeller disk.
This local increase in side wind is equivalent to an increase
in the angle of yaw ¢ in the same ratio. Thus at radius oR
the effective angle is

Yolo) = [l P K ( :g)]
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The effective average yaw over the disk ¢, is obtained from
the consideration that dY, is ncarly proportional to the
integrand u sin g of the dominant term «’. Approximately,

therefore,
T 2,V .
Yo=ky [ [l + K (J(‘“—) ] wsin B, dx

“":fk% [v,u sin By dx

i

where £ 1s a constant.  Accordingly,

LN . .
K [ !\r\) wsin By dr
‘ff R R e S — (36)
¥ [ usin By dr
JIg

According to this result, if the propeller is equipped with
a spinner, the previously given expressions for side force
and pitching moment should be multiplied by the constant.
ks, which may be termed the “spinner factor.” The value of
ks is of the order of 1.14 and varies slightly with blade angle.

New definitions.--It i1s worth while to introduce certain
new definitions at this point to put the final equations in
better form. The original definitions were chosen solely with
a view toward clarity in presenting the derivation. The
principal change is the replacement of

L / bf‘
a’ =B (j))ﬂﬁn

which is proportional to the solidity at 0.757, by the actual
solidity at 0.75K

AB [ b a7y
i ([))) 57)

This change entails replacing all the integrals occurring in
the equation by 3#/4 times the former values. Thus a’
is replaced by Iy, by by fo, d” by I, and A’ by A, where

3,

[1 == '47r a
3

- A:‘ b,
3

]3::17{- l[,

3T

A= i A

In addition, the following definitions are introduced:

and

=50,

i
ot
Cuty =2

The symbols €'+ and (7,," have been so chosen in relation to the
conventional side-force and pitching-moment coeflicients of
an airplane 'y, and (7, that conversion is obtained through
the relations

where S is the wing area and ¢ is the wing veference chord.
Note that in all the foregoing ¢ is measured in radians.

Correction of side force for compressibility.—TIt is shown
imcappendix B that a ficst-order correction for compressibility
is obtained by dividing the side force by 1—2M,2 where
M, is related to the stream Mach number M and V/nD by
the curve of figure 9. The correction is valid only below the
critical Mach number for the propeller.

Summarized effects of yaw.——With the new definitions,
the side-force derivative for a single-rotating propeller is

v, oY/oy
(,-y v (I*-” o
- R; Jlaal, (38)
1 -
’[x_'_*A“f‘iLuUL

and the side-force derivative for a dual-rotating propeller is
p— oY/oy
<Y qSl
e ]f;‘_/:@,a II (30"
RN L)

For a single-rotating propeller the
derivative is

pitching-moment

., oMoy
DS
ko fla)m

RSN ey sy “0)

and for a dual-rotating propeller the
derivative is negligibly small.

pitching-moment
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FiGure 9.—Variation of the ratio (Effective Mach number)/(Stream Mach nmumbery with Ve D for use in relation Cy’, =
Ve

The side-force derivative may be corrected for com-
pressibility by dividing by v1—A.2 The same correction
may be applied to the pitching-moment derivative but with
less accuracy.

The guantities involved are:

Spinner factor
e\
K I (1) wsin By de
oY\

KA (36)
I w sin B, d
Jz

i

Sidewash {actor

N X

AT ) {35)
és( I usin g8, dJ')

Wy ’

I" p* sin? By dir
b=} (a) =

where
oy 20420
IO= 100 20y

Inflow factor

4
VinD

g-factor

(ol +a)+ 1+
1 (1-42a)?

Flay=

Solidity at 0.75R

3 Lo
1-==¢, ’ wsin By de
4 a Jr

3 T
L= e, | weos Byadr

Ja

, 3 ocos ¢
Li="c, | u . ¢ 22 de
« )y SIN @

Cy'y

5 6 7

2a)?

(st ) (o122

A - 0'7(71/ “L O'[g)

Oy
(i

ol,--2J ="
T

o L

(14)

(44)

(45)
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and m equation (36), for a nacelle fineness ratio of 6, K=0.90
and, for a nnc(*llo flnvm‘ss ratio of =, K=1.00.

The charts of figures 6, 7, 10, and 11 are provided for
determining 2a/w, I;, f(a), and f,(a), respectively.

Required accuracy of k., k,, and A-—To the degree in
which comparison with existing experiments establishes the
accuracy ol the side-force formulas—about =+ 10 percent
average error-—it is sufliciently accurate to use the mean
values 0.4 for k, and, for the usual-size spinner (r;=0.16},
.14 for k.. 'To the same accuracy, the terms in JJ may be
omitted from A, and [; may be set equal to the average
value 3, with the result that )

a~ 7
1+3c

Availability of charts of side-force derivative.--In refer-
ence 13 is presented an extensive series of charts computed
from equations (38) to (44) for two conventional propellers.
The derivative ("r'\, is given as a function of V/nl? for blade
angles from 157 to 60° and for solidities from two blades to
six blades, with single rotation and dual rotation. In refer-
ence 14 is presented a method ol extrapolation whereby this
set of charts may be used for determining 7, for all
conventional propellers without resort to the original
equations (38} to (44).

Pitching-moment derivative.— By numerical evaluation of
equation (40) the pitching moment of a single-rotating
propeller in yaw is found to be of the order of the moment
produced by a force equal to the side force acting at the end
of a lever arm equal to the propeller radius. This moment
is small and has heretofore been neglected in aireraft stability
studies. Note that the effeet is a cross-coupling between
vaw and pitch.

The dual-rotating propeller develops no pitching moment.

PROPELLER SUBJECT TO ANGULAR VELOCITY OF PITCH

Ratio d17/ V", for angular velocity of pitch.-The angular
velocity of piteh makes no direet contribution to the rota-
tional velocity in the plane of the propeller disk Vi It is
known from Glauert’s work (reference 3), however, that
pitching gives rise to a side foree and to a pitching moment.
This side foree induces a sidewash that affeets V), as in the
case of the yawed propeller. The change in V5 is accordingly
the same as the induced part of the total change for yawed
motion. This change is obtained by setting ¢==0 in equa-
tion (13a):

dVy sing .. .Y, L
iju = (T} (l s hila) o (46}

where
F@ =2 (15)

Ratio 17,/V, for angular velocity of pitch.—The direct
increment, due fo pitching, in the axial velocity ¥V, s
gr sin 6,

The induced increment due to the aforementioned pitching
motent is, by equation (18),

Va C16Mx

gin o
Fa)?

The total inerement 4V, is the sum of the direct and the
indueed increments.  Therefore

dV, sing [“ +a) fli)" +. 16M o :I 47)

V.o (1+a)
Expressions for Y, and M, .—Upon introducing the equa-
tions (46) and (47), the equations that result here in place
of equations (19) and (20) for the propeller in yaw are:

- B ‘ ‘| P , (/I)r 16 M ! . \
)ﬁ—“ ([) — |: fi(a@) T:[Al - [(\ el ‘7T+ lf}, 1
& (4%}
Gy B1/b° i " gD 16 W) A ,
2M,= o 4 1))0 ”RI 1 w]‘] (@) :I( ~~~~~~ l: @) oy o [ {#xd.z
Solution for Y, and M. By using tho a.M)mvizn;i(ms 01' >V ('q]))
equations (213, equations (48) become (1 'T\2 V,_
I e — -y oA ; ; Yy =F p o
Y=g — ) Ye u'wlfl +-a) 5 -%1'”(]“‘:’ b’ 2" S
53 1 i Z T k
2M. ,,:'",',,0:, I £ () ’i,_l_ L6, a’!il al,—J “
e i 3R 8 ; SN ' Fd ;I '_/__(140/ f(
. . . . . . a
which are simultancous lincar algebraic equations in Y, and l:l Pt )0'<11 A)] (L-baly)
M.. The solution for Y, and M, is, after simplification,
9 PR
ol - J"“ oM/d (Z?)
C 'm fo=oe R
2‘3’2[)8"
i fila) al
: 8 0 fi e
al. ) - AN ;
Moty T e P\ e, 8 72
o 2V 16 - fa
l’:* < (]L - A}
Side-force derivative (/;’ and pitching-moment derivative where
O,/ . Side-force and pitching-moment derivatives may be .
defined as follows: R
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Rough approximations may he obtained by omitting the
induction terms -that is, the terms due to sidewash and to
inflow asvmmetry.  There result

(1 ayal,

~

0

(') == (1

3
1 (49)
|

Comparison of angle of yaw with angular velocity of pitch |
to produce same side force. X
tion as equation (49,

To the same rough approxima-

(' =kl !

The ratio of ¢ to ¢21V 1o produce the same side foree 1
therefore

(//)'..)." (7"11‘[’
(Liad, |
Tk I !
L |
ko, 50y |
i
!

This ratio is of the order of unity.

Maximum obtainable side force due to pitching.— The
maximum side-foree cocfticient due to pitehing ocenrs, for a
oiven blade-angle setting, when g£)/2 Vs a maximum.  Maxi-
mum ¢//2V in unstalled flight is determined by the MaAXID
normal acceleration that the airplane can develop, which s
the maximum Lift coefhicient.

determined by The normal

aceeleration is

a, gV l

from which 5
|

gl)  a,l) e

20 247 (1 R

|

Afow given speed the maximum normal aceeleration o,
could be realized at the top of an inside loop. The relation

N

W |

7 Downward Hft | Weight \

( S i

' v P vy 7
(! S B VA0l

Logas

Qr

L

(, l; W/S

If ihe

I

H

|

is greatest when Vs least, ]

discussion is limited for the present to the minimum speed f
,

{

|

]

|

The value ol a,, V7

for fevel flicht Vi,

P s !
2SOV
From equation (521, |
|
U . 2¢ i
AR R 1

and therelore, from equation (515,

(R
aba |

gl

2o

A practical upper limit to (g/)2V) ., at the stalling speed
would be afforded by a hypothetical fighter atrplane having
the following characteristios:

Voo 75 mph

110 Tps

Then

=(1L032

By cquation (50) the angle of yaw, in radians, that would
provide the same side foree ix approximately

Lo
oo av )

1f 2 minimum blade angle of 159 at stalling speed 1s azsumed,
the ratio Lk, is 113 for the representative Hamilton
Standard propeller 31556, Therefore, (g2, would
be equivalent in producing side foree toan angle of vaw

G 130,032
0036 radian or -2.1°

The resulting side foree would be quite small.

Many times the preceding value of (gf2:2V),,.. is oblain-
able during the spin, which involves wing stalling. 1 the
spin is exeluded from consideration, therefore, the general
conclusion to be drawn from the example is that even in
oxtreme mancuver the side foree due to rate of pitehing is
very small and in all ordinary mancuvers this side foree is
negligible.

Maximum obtainable pitching moment due to pitching.
The preceding data, when applied to the pitehing moment
due o pitehing, indicate that the maximum obtainable
pitching moment is of the order of the product of the propeller
diameter and the maximum obtainable side foree due to
pitehing.  The general conelusion about the side foree implies
that the piteching moment due to pitching is =mall even i
an extreme mancuver, with the exception of the spin, and in
all ordinary mancuvers is negligible.

Forces due to angular velocity of yaw. - Angulbar veloeitios
of vaw attain magnitudes of the same order as angular
velocitios of piteh. The forees ona propeler due to yawing
are. like those due to pitehing, negligible except in the spin

PHYSICAL INTERPRETATION OF PROPELLER IN YAW

Concept of projected side area. The area projected by s
propeller blade on a plane through the axis of rotation and
the axis of the blade s
'fi} . .

hosin 3, ldr
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The average area projected by all the blades of a rotating
propeller on any plane through the axis of rotation is the
;H'uj«\(flt'(] stde area
BiE
S hosin g, dr

" iy
~ d

whoere £20s the number of blades Froam this relation, it ean

be established that the product of, may be expressed as

S,
al e s (A%
N :
Lol . , .
where 8777 48 the propeller disk area. Thus o/, which

ligures so preminently in the expressions for the side-force
dervative €47, 1= proportional to the projected side arca

of the propeller. Tnoeeference 13, 1, is termed the *side-avea

index,”

Effective fin area and aspect ratio. Inusmuch  as
1708, is the aspeet eatio Lol the projected side area 8,001 s
also trae that

ol e D (54
27

Substitution of equation (337 in the numerator and eqin-
tion 545 in the denominator of equation (391 vives for a

dual-rotating propeller

oYio¢ 1, ";
lagS, ’ e N
19, i /.' ( “ )
2 |
:? o0
0}Y: 0y Ce, ;[
ST Yk . |
flagy, 3 i
. | ;
A '
as b, 04 on the average and
( !’) ~
o (3 .95

For comparison, the corresponding expression for an acetual
fin of the same arca and aspeet ratio, at which the local
dynamie pressure is f{a)g, is

oYiow
[ags, 2

when the lifting-line form of aspect-ratio correetion is used.
By omitting &, which merely accounts for the favorable
interference between spinner and propeller, equation (55)

can be written in the form of cquation (56) by introducing

an effective aspeet ratio

‘)

APV [=ORY

CONMNTIUREE POl ARRGN AUTHCS

i follows that a dual-rotating propeller in vaw nets like

a fin of which the area s the projected side area of the propel-
ler, the effeetive aspect ratio is approximately two-thirds the
side-nrea aspeet ratio, and the local dyvnamic pressure is fia)
A single-ratating propeller may
but the cffective aspeet ratio is

times the free-stream value.
he shown to act sinnilarly,
markedly lTess and is not so simply expressed. A mean effee-
tive aspeet ratio for both single- and dual-rotating propellers
is about 8.

Effective dynamic pressure. By the definition of a, the
expression V(1 a) is the axial wind veloeity at the propeller
disk.  Accordingly, (11 @) is the dynamie pressure at the
propeller disk. The pressure (1-]-a)?q is only shightly greaver
than f(arq, the offeetive dynamie pressure of cquation (36).
Thus the equivalent fin deseribed in the preceding paragraph
may with small crror be regarded as situated in the mflow
al. the propeller disk and subject o the corresponding
augmented dynamic pressuee.

Comparison of side force of single- and dual-rotating
propellers.
panving the derivation of Y. and 3. for dual-rotating pro-

1t has been pointed out in the discossion accom-

pellers in yaw that the dual-rotating propeller averages
I8 pereent more side foree than the single-rotating propeller
and that the inerease reaches 32 percent at low blade angles.
The detailed explanation is given in the same discussion.
I brief, dual rotation eliminates certain induetion effects
associnted with single rotation; the dual-rotating propeller
act= as if it has a considerably higher aspeet ratio and
therefore develops more side foree for the same solidity,
Magnitude of pitching moment.
vaw gives rise (o zero pitching moment for a dual-rotating

[t has been shown that

propeller and to a finite pitching moment, given by cqua-
(40, propeller. The numerical
evaluation of equation (401 for typical cases shows that the

for a single-rotating

tion

pitching moment i of the order of the inoment produced by
i force equal 1o the side foree, acting at the end of o fever
arm equal to the propeller radius. This cross-coupling be-

tween piteh and vaw s small but possibly not neelieible,
PROPELLERS IN PITCH

The results for propellers in vaw miay be applied 1o propel-
lers in piteh from considerations of syvimmetry. The normal-
force derivative of a propeller with vespeet to piteh s equal
to the side-foree derivative of the same propeller with respect
to yaw, and the yawing-moment derivative of w propeller
with respeet to piteh is equal to the negative of the pitehing-
moment derivative of the same propeller with respect to yaw,
These relations are invalid when the propeller s in the up-

wash or downwash of o wing.  (See referenee 13,

COMPARISON WITH EXPERIMENT

Experiments of Bramwell, Relf, and Bryant.
ments of Bramwell, Rellf, and Bryant in 1914 with a four-
blade model propelfer in vaw (reference 153 are worth noting

The experi-

heeanse the expertmental arrangement was designed specif-

feally Tor the problem. The halancee was arranged 1o vaw
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|
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Preovpr DA Clamering ol wetien bl cnre oowith the caperimeninl values of

Felnriage 1

with the propeller and to measnre the side foree directly
with respeet to body axes. Tuare readings were inherently
small in comparison with the forees being mensured. Tunnel
speed was ealibrated by comparison of thrust curves for the
same propeller i the wind tunnel and on g whirling arm.

A ealenlated cneve of €74 which is the same as € ', Tor

IRy A 7
sl values of ¢ s compared in figure 12 with the export-
mental values of veference 15, There is included for further
curve ealeulated by NMisztal
The carve ealeulated from the formula of 1he
present report appears to give somewhat better

comparison  the theoretieal
freference Oy
aereement
than that of Nisztal but the improvement is not conclusive.
The principal objection (o Misztal’s formiuda remains the
fabor of its application vather than its defect inaceurney.

Experiments of Lesley, Worley, and Moy. In the experi-
ments of Lesley, Worley, and Moy reported in 1937 (veference
161, the nacelle was shielded from the air stream, with the
result that only forees on the propeller blades were com-
munieated to the balances. A 3-foot, two-blade propeller
Moeasurements were made of six components of
the atr forees on the propeller.

was used.

Caleulated curves of (074 are compared with the experi-
mental values of veference 16 for g 10° in figure 13, Note
that the original data of veference 16 were presented therein
with respect to wind axes, and the data have been converted
to the body axes of this report in the presentation of figure 13

Experiments of Runckel. —The most complete experiments
on yvawed propellers®  the only published experiments on
fill-scale propellers —are those of Runckel (reference 171,

piropelers of referenee 17 were tesicd i piteh eathier thoat in yaw but, inns-
muith a8 giteh becatties yaw upon a 4" of the s this conversion was miade Lo keep
thur diseussion co tent. Inthis eonoection, a vertical foree e 1o piteh has herein heen
sailled aoside foree due 10 vaw

T ] 1 I . e T 1 I R
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vodor Two-hiade modoel propelier,

Curyes are terianated, exeept for £ 1667 5t paint wihere obyions stalling of DHinde
I 2 y

[osperimental data from reference 16 and converted (rom wind saves o hody ases. o 1
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Comparisan of ealenlatod enrves of Oyl with the faired experimental eurves from reference 17 for 107 vaw

The origitial data with respeet 1o piteh, with wind axes, have been

convertoed to data with respect to vaw, with body axes

Runckel tested single-rotating propellers of two, theee, four,
and six blades and a six-blade dual-rotating propeller. The
diameter was 10 feet.  An attempt was made to correct for
the wind forees on the rather large unshielded nacelle by
subtracting the forces and moments measured with zero
vaw from the corresponding forces and moments measured
with yaw at the same value of Vinl).

Caleulated curves of €74, including a spinner correction,
are compared in figure 14 with the faired experimental curves
from reference 17 for 10% yaw. Tu reference 17, as in reference
16, the original data were presented with respeet to wind
axes and the curves have been converted to the body axes

of this report in the presentation of figure 14 In figure 15
the nnpublished experimenial points for the single-rowating
six-blade propeller are presented for comparison with the
faired published curves as converted 1o hody axes.
Accuracy.
with experiment it appears that the average disagreement is
L 10 pereent.
order of that obtainable by the vortex theory for the un-
inclined propeller when the number of hlades s tacitly

[From these several comparisons of the theory

slightly less than This accuracy is of the

assumed to be infinite by the omission of the Goldstein
correction for finite number of blades. The same assumption
i made in the present analysis.
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FiGrrE 15,
CONCLUSIONS

The foregoing analysis of propellers in yaw and propellers
subjected to an angular veloeity of piteh permits the follow-
ing conclusions:

. A propeller in yaw acts like a fin of which the area is the
projected side area of the propeller, the effective aspect
ratio is of the order of & and the effective dynamic pressure
is roughly that at the propeller digsk as augmented by the
inflow.  The variation of the inflow velocity, for a fixed-
piteh propeller, accounts for most of the variation of side
foree with advance-diameter ratio.

2. A dual-rotating propeller develops up to one-third
tmore side foree than a single-rotating propeller.

Camparison of faired oxperimental eurves of figire 14 for the six-hlade single-rotating propeller with the unpublished experimental values referred Lo body axes,

3. A yawed single-rotating propeller experiences a pitching
moment as well as a side force. The pitehing moment 18 of
the order of the moment produced by a foree equal to the
side force, acting at the end of a lever arm equal to the
propeller radius.  This eross-coupling hetween piteh and
vaw Is small but possibly not neglgible.

4. Propeller forees due to an angular velocity of piteh or
yaw are negligibly small for the angular velocities that may
be realized in manecuvers, with the exeeption of the spin.

Lancrey Mevorian ABRONAUTICNL LLABORATORY,
Narionan Apvisory COMMITTEE FOR AERONAUTICS,
lianceursy Freno, Va., October 11, 1943



APPENDIX A

DERIVATION OF SIDEWASH FACTOR [

I the assumption that the side foree is uniforraly distri-
buted over the propeller disk s abandoned, 11018 necessary
to proceed differently hevond equations (5% in deriving Y.

For the purpose of obtaining an ellvctive average induced

o . Y
stdewash, 10 = peronissible to negleet the small term 737 ‘,’
in equation (55, which gives

e (T4 a7 by AV,
Gl f o) i ( [),)1: v ;1;1 el (,A\f‘]

DR i

Anequivalent differential relation for the fime average side
force, divided by pV20% oo an clement of disk avea o 0 da

may be substitated Tor the sumniation of equation (7}, as

O°Y, e i
o g Sty i @ Ao
0w o o ) BSd [, st o (A2
IR ' ”"vﬂ .,
he feaction . has heen shown to be given by
AV, . ,
I,f €y sin {137
i

where e 1the focal induced angle ol sidewashe at the propeller
disk. Combining equations (A1Y, (A2), and {13}, using
AT g, s By, and assuming thal {1 1) 8 constant over

the disk gives

dY. et ay smtg . .
: . ‘ s B e (A
B S Ja HL €M for A )}
Irom whieh
, oo Uhant R
Yoo ( § } wosin 3y
» .
B ) A
- = 0 sin g ci,ﬁ)
w I LEEY S ).
An effective average value of € 15 obtaimed by defining
, . 0’“ o -, " . - ‘
Y, i (¢ ~¢' i8I Gy el (Ad)
B o
fromy which the clfective average angle of sidewash s
Copme
- e sin? i psin Byl B
4 PRI PO
£ o (AN
! josin B, o
oS L

in this appendix the induced sidewash angle € is the loeal

value at the disk element @ dedd, not the average value used
in the main text; ¢ is composed of one part due to the side
force ¢ and one part due to the crossswind component. of
the thrust ¢’y The effective averages are designated @
Then equations of the form of cquation (A5 hold

hetween €y and ¢ and between €5 and e

and €.

The evaluntion of ¥, follows: The product Ve o sin 4,

herenalter ealled o, 15 a velocity component parallel 1o V5

o
but not necessarily in the same sense. Inovder to evaluate ry
for use inequation (A5, 1t is useful to define n quantity f
O ; . . . .

T wded® s the time average of the inerement
r Orof -
due to yaw of the peripheral Toree on an clement of disk area

steh that

wddedd. Making the simplifying assumption that the periph-
eral foree on an element of the propeller disk affects only the
air flowing through that clement and equating the peripheral
force to the rate of change of peripheral momeniom which
this foree produces far behind the propeller Jeads o the
relation

o
O of

s Vo drdnze, oV (e )20, )

(xee derivation of ecquation (1213, or

, o
o, T Qo
e G
L O
(“’ . K ‘j)f'yoﬁ i (A6
ol :u};*’['l, e :2(”,}
where
Vi, oV
Ve Ve 2

An alternative form of equation (A2) s

?), 3?/6” sin (el dd
7 O
O
O* )’ OZI‘ o
2 0r0f OOl s
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In equation (A% the fact that ¢, which depends on #13 simall
compared with ¢ allows the approximate relation

oY

I sin® o
Y sinsH

where bois u constant. Integration establishes the value of

b oas Y./ r: therefore

oY, Y.sin*h
of T
or sin’
oY, or
O Of iy
By equation (A4,
oY, u S gy
dir e NN
l wsin By dr

o T

Therefore

o'y, wsin By osint
o[t
b ] wsin Godr
i
O, win ) owsm B, _
. (AT
b 0ol

psin B, odlr

AV

<in # i oequation CAS) as

focuations (A6 and (AT establish the value ol e,

which ean be substitated for ey

applicd 1o €5 i place of ¢ This value 1=

l’“ﬁy 2 sin )’, [ sin ;3:&

1 1 ™ AL '

ol bad) x ¢ sin B dr
e Z2a)t “\,J * o

Therelore, substitution i (D ag applicd to e’y gives

(u sin By’
e Bt do

R

“
} ST

wostn By dr }

The inteoration with respect to restlts
o

IN YAW
9 g osin Bo)”
V., J H Bu. dr
-, T Je 7 Ch e
Y — | L) o [
(1 u,l‘[‘l F oy '—’“/"’] (.,,m# sin By fl.r)

The part of ¢ due to Y. in equation (12), which 12 based on

the assumption of unilorm distribution of thrust and side
foree over the propeller disk. differs from the expression for
+/y given by equation (A8 only in the absence of the factor
"l sin 37

’ N s
i !

b o+
( i o ST f/;r)

PR

(AN

which is cquation €34). An analysis [or €'y similar to that
for &y results in a value that does not appreciably differ from

the part of ¢ due to Toin o wation (127 that s,
i

Accordingly, the effective average indueed angle ol sidewash

o which equals €, ¢y, s given by

)
YR 2RI
s

© -
. ‘ | 1
(e {_l 20 ]

which is equation G330 HE s inserted for e i equation o

9y
the {actor ()8 in equations (23] by

and (250 s replaced

() vy e . ,
“/‘l[ oo This is the quantity that has been called the side-

N
wash fnetor £, With the valie of by inserted,
SNPTRSITANE I
| £

s F:

N B il )



APPENDIX B

CORRECTION FOR COMPRESSIBILITY

The side-foree derivative (', is very nearly proportional

1o the integral
3 ! .

1 ‘4"1",[(; H sin 6 dor “n

To a first approximation the effect of compressibility s

accounted for by replacing ¢, by a,mf\f"] - M,?, where M, is

the resultant speed of the blade section at z divided by the

speed of sound in the free stream.  1f the subseript ¢ is used

to designate quantities corrected for compressibility effects,

/ 3(, f‘ wsin By dr
o o V1M (B1)

A mean effeetive Mach number A7, defined by the relation

!y
[, ;
CoNI- M} (B32)
would also approximately satisfy the relation
o (!Y!.;
V1 M (B3)

Equation (B3) constitutes the desired correction of the side-
force derivative for compressibility effeets.

The determination of M, proceeds as follows:
tions (411, (BL), and (B2),

By equa-

* n \l]] B0 dir
! - ,’n,‘z v A/[y%
NooAarr (M
VI M, f wsin By dx
o 02

Fordetermining the ratio M,/A it s sufliciently accurate {o
put

1 Mz
. ] ! (B4)
vioareT (B4)
s
1 M? . )
a2 | (B
v ’

although approximation (B4) will not be applied to the final
equation (B3).  Then

"

J, AL wsin g, dr

‘1/’2 oS 02

] (B6)
f wsin By dr
Juoz

(S
e

By reference to figures 1 oand 2, if inflow and rotation are
neglected,

a? sin® ¢

M-

M
Cosin? ¢

a speed of sound in free stream
M free-stream Mach number

(B7)

where

. e
. r
x »

The approximations g Constant and 8, ¢ are likewise
adequate for the present purpose; therefore, as

sin =

g‘[ ; ' ﬂ'.f \L’ )
( ”) A ( 7} (BS)
M7 m dr S
i
L4
/0.2 \‘ (\ !] )
Upon integration
T N 0.2 JT N L 2
B AL e S R D
MV A 0.2-1 y0.04-1 N .
( 11) : : : R (BY)
\ M 9 l();I, oy b

(124 y0.04-4 N
where
J

™

A

Vind)

T

Equation (B9 provides the desired relation between the
effective Mach number A, and the stream Mach number A
for use in equation (B3), A graph of the variation of M,/ M
with V/nd), computed from equation (B9}, is given in figure 9.
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Note that, in spite of the rapid vise of M./ M with decreasing
VinD), for constant-speed propeller operation M, decreases,

It may be noted that equations (B4) and (Ba) are para-
holic approximations to the Glauert compressibility factor
i1 M2 Equations (B6) to (B9 are, however, inde-
pendent of the constants ol the parabolic representation.
Thus the validity of these equations is not restricted to the
case of a variation of ¢, with Mach number that follows the
Glavert relation; the equations ave valid for any variation
that may be approxunated in the region of interest by a
parabola, such as

¢ o BAMP)e,,
where A and f7 are constants.
The compressibility correction ceases to apply at Mach
numbers above the eritical Mach number for the propeller,
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Positive directions of axes and angles (forces and moments) are shown by arrows

Axis Moment about axis Angle Velocities
Force
gpam!k;l Linear
P Sym- | U0 aXis : : Sym- Positive Designa- |Sym-| (compo-
Designation gol symbol | Designation g ol diretz’c]i\(l) n el ogn gol nent a,xl)on o | Angular
axis)
Longitudinal________ X X Rolling.__.... L Y—sZ ¢ u P
Lateral ... __________ Y Y Pitching. ... M Z—X o v q
Normal.......________ Z Z Yawing....... N X—Y 12 w r
Absolute coefficients of moment Angle of set of control surface (relative to neutral
C\— L C.— M O — N position), 3. (Indicate surface by proper subscript.)
=™ Q m— _Q [ W}
abS ™ qeS gbS
(rolling) (pitching) (yawing)
4, PROPELLER SYMBOLS
D Diameter . P
» Geometric pitch P Power, absolute coefficient 0p4p~—n3 55
"p/D  Pitch ratio . YoV
ZTZZ, Inflow velocity C; Speed-power coefﬁcmnt:\ ’1)_.}”%
Vs, Slipstream velocity 7 ) Efficiency
T Thrust, absolute coefficient 0T=m n Revolutions per second, rps
. Q ) Effective helix allgleztaﬂ‘l(-‘)}—)
Q Torque, absolute coefficient O'sz—z—ﬁi “mr
5. NUMERICAL RELATIONS
1 hp=76.04 kg-m/s=550 ft-lb/sec 11b=0.4536 kg
I metrie horsepower=0.9863 hp 1 kg=2.2046 1b
1 mph=0.4470 mps 1 mi=1,609.35 m==5,280 ft

1 mps=2.2369 mph 1 m=3.2808 ft



